Dierent aspects of critical behaviour of magnetic materials are presented and discussed. The scaling ideas are shown to arise in the context of purely magnetic properties as well as in that of thermal properties as demonstrated by magnetocaloric eect or combined scaling of excess entropy and order parameter. Two non-standard approaches to scaling phenomena are described. The presented concepts are exemplied by experimental data gathered on four representatives of molecular magnets.
Introduction
Many times we observe that completely dierent systems exhibit the same physics. Such physics is said to be universal and its most famous example is the critical phenomena [1, 2] . In the vicinity of the second-order phase transitions the correlation length diverges and the micro- In the present paper we focus on the critical behaviour of a selected class of condensed matter systems, i.e. magnetic materials. Within this broad class of materials we exclusively concentrate on molecular magnets whose structural elements exhibit localized magnetic moments.
There are two main reasons for our choice. On the one hand, the localization of constituent magnetic moments is a feature making a direct reference to the existing models based on discrete spin-like degrees of freedom like the XY model, the Heisenberg model, or the Ising model. On the other hand, molecular magnets represent materials which have been studied by our group for more than 10 years now providing a unique opportunity for a detailed insight into their critical behaviour. part from the standard analysis of critical phenomena we had the chance to come across some more exotic types of scaling behaviour like, e.g., combined scaling of excess entropy and order parameter. The present contribution is thought to collect and summarize our experience with the critical behaviour in molecular magnets, which may come in useful for anybody willing to study magnetic systems at criticality. [Nb IV (CN) 8 ]·2H 2 O} n , where pydz stands for pyridazine (C 4 H 4 N 2 ), crystallizes in the monoclinic space group P 2 1 /c [3, 4] . The compound is a three-dimensional 
Denitions of the critical-point exponents
Let us begin with a precise and general denition of a critical-point exponent [12, 13] used to describe the behaviour near the critical point of a general function f (ε),
serves as a dimensionless variable to measure the distance in temperature from the critical temperature. Assuming that the function f (ε) is positive and continuous for sufciently small, positive values of ε, we dene the critical point exponent ϕ associated with this function as the following limit:
s a shorthand notation we frequently denote the fact that ϕ is the critical point exponent for the function f (ε) by
Let us stress that the above relation does not imply the relation f (ε) = F ε ϕ .
In fact, it is relatively rare that the behaviour of a typical thermodynamic function is as simple as Eq. (4). In general, additional correction terms are required, and Eq. (4) is replaced by a functional expression such as
The immediate consequence of the functional behaviour given by Eq. (3) is that a loglog plot of experimental points should display a straight-line behaviour suciently near the critical point, and the critical-point exponent is easily determined as the slope of this straight-line region.
Let us start the denitions of particular critical-point exponents related to magnetic media with those associated with magnetization M (T, H) of a system. Critical--point exponent β determines the asymptotic behaviour of the zero-eld magnetization M (ε, H = 0) near the critical point, thus we may write
If we set ε = 0 (T = T c ) and take the limit H → 0, another exponent δ emerges, dened by the relation
From a practical point of view there is no magnetometric method that is able to assure an unambiguous determination of the critical-point exponent β as they usually require the application of an external magnetic eld masking the critical uctuations. By contrast, the zero-eld The frequency of the oscillations is equal to that of the precession. Three precession frequencies were observed in the measured asymmetry spectra implying several magnetically unique stopping sites in the material. The three data sets of local elds in Fig. 1 were simultaneously tted to the phenomenological form
where exponent σ corresponds to the low-temperature properties governed by spin-wave excitations [19] . The 
where we distinguish whether the critical point is being approached from above or from below. The direct way to access these critical-point exponents experimentally is standard magnetometry represented by either dc magnetization or ac susceptibility. While the applied magnetic eld necessary for the dc measurements may signicantly distort the signal in the critical region, the ac susceptibility measurements involving the sweeping elds of a much smaller magnitude seem to be better suited to the inspection of the critical behaviour. Before processing the experimental data to the form of the loglog plot, one important issue must be resolved, namely the deter-mination of the position of the critical temperature T c .
The task is straightforward if the ac susceptibility signal is suciently sharp. If it is not the case one may resort to other experimental techniques, like the ZF muon spin rotation spectroscopy, which provide a precise pinpointing of the onset of magnetic order. nother possible approach is based on a statistical analysis of the ac signal. In this approach one xes the value of T c , next performs the loglog plot of χ ac (ε) with this value, and then carries out the tting of a straight line and calculates some measure of the goodness of the t, like, e.g., estimated variance.
This procedure should be repeated for T c 's in some interval encompassing the ac susceptibility anomaly. The actual critical temperature is nally selected as that corresponding to the lowest value of the estimated variance.
Such a procedure was performed for the ac susceptibility data of 3 above the transition temperature. Figure 4 shows the loglog plot of the ac susceptibility data with the best-t line for T c = 32.75(25) K corresponding to the lowest value of the estimated variance. Further two critical exponents α and α are related to the asymptotic behaviour of the specic heat. They are dened by the following relations:
It is important to note that the exponents associated with the critical behaviour of heat capacity may be positive, negative, or vanish. The vanishing α exponents correspond to a logarithmic singularity present, e.g., in the two-dimensional Ising model. For this reason, if one wants to determine the exponents, a more general definition encompassing the three dierent cases is recommended, i.e.
C(ε, H
The scaling analysis of the excess heat capacity ∆C p of 1 was performed by tting the function given in Eq. (11) independently above T c (T < 50 K) and below T c (T > 20 K). To account for the elevated heat capacity shoulder for T < T c an additive constant B was introduced. The best ts (solid lines in Fig. 5 ) yielded α is close to that expected for the 3D Heisenberg model (α = −0.14 [24] ). 
Since
tain symmetry arguments will be provided which imply the equality of ∆ l for all l.
The static scaling hypothesis
The discussion of the critical behaviour would not be complete without the illuminating conjecture of the scaling hypothesis [25, 26] . The static scaling hypothesis for thermodynamic functions is expressed in the form of a statement about one particular thermodynamic potential, generally chosen to be the Gibbs potential, 
Let us stress that the scaling hypothesis does not specify the parameters a T and a H , which corresponds to the fact that the homogeneous function or scaling hypothesis does not determine the values of critical-point exponents.
The fact that the Legendre transforms of GHF's are also GHF's implies that all thermodynamic potentials share this scaling property. Moreover, derivatives of GHF's are also GHF's and since every thermodynamic function is expressible as some derivative of some thermodynamic potential, it follows that the singular part of every thermodynamic function is asymptotically a GHF.
The scaling parameters a T and a H can be related to the various critical-point exponents. Dierentiating both sides of Eq. (13) with respect to H and using the relation
There are two critical-point exponents associated with the behaviour of the magnetization near the critical point. Consider rst the case where H = 0 and ε → 0
Since Eq. (15) is valid for all values of positive number λ, it must certainly hold for the particular choice
By comparing Eq. (16) with the denition of exponent β in Eq. (6) one obtains
The other magnetization related exponent δ, see the definition in Eq. (7), can also be expressed in terms of the scaling parameters by setting ε = 0 in Eq. (14) and letting H → 0,
Hence, one arrives at the relation
One can obtain additional exponents by forming further derivatives of the Gibbs potential. On dierentiating twice with respect to H, one obtains
where χ is the isothermal susceptibility. If one considers H = 0 and chooses λ = (−ε)
Comparison with the denition in Eq. (9) for the limit
Likewise, setting H = 0 and choosing λ = ε
whence, by comparison with the denition in Eq. (9) for the limit ε → 0
Combining Eqs. (23) and (25) we arrive at one of the hallmarks of static scaling hypothesis, i.e. the equality of primed and unprimed critical-point exponents.
Dierentiating Eq. (13) with respect to temperature and using the relation C = −T (∂ 2 G/∂T 2 ) H one arrives at the equation
On setting H = 0 and λ = (∓ε)
1/aT and comparing with the denition in Eq. (10) one obtains
Since each critical-point exponent, as exemplied above, is directly expressible in terms of two unknown scaling parameters a T and a H , it follows that one can eliminate these two scaling powers from the expressions for three dierent exponents, and thereby obtain a family of equalities called scaling laws. Performing such an elimination in Eqs. (17), (23), and (27), we nd
which is the Rushbrooke scaling law expressed originally as an inequality α + 2β + γ ≥ 2. Furthermore, eliminating a T and a H from Eqs. (17), (20) , and (27), we arrive at the Griths scaling law
Similarly, Eqs. (17), (20) , and (23) give the Widom equality γ = β(δ − 1).
In general, it suces to determine two exponents since these will x the scaling powers a T and a H , which in turn may be used to obtain exponents for any thermodynamic function. Furthermore, the static scaling hypothesis can be used to demonstrate that the gap exponents ∆ l are all equal. If we dierentiate both sides of Eq. (13) l times with respect to H, we obtain
Hence it follows that:
Now, the denition of the gap exponents in Eq. (12) 
In addition to predicting the relations among the critical--point exponents, the scaling hypothesis makes specic predictions concerning the form of the magnetic equation of state, i.e. the relation among the variables M , H, and T . Setting λ = |ε| −1/aT in Eq. (14) we obtain
Using Eqs. (17) and (33) to eliminate scaling parameters in favour of the critical-point exponents Eq. (34) becomes
Let us note that the function on the right-hand side of Eq. (35) is a function of the scaled magnetic eld h = |ε| −∆ H(ε, M ) and the sign of the reduced temperature ε (ε/|ε| = ±1). We may thus dene
and Eq. (35) may be written
where m = |ε| −β M (ε, H) is the scaled magnetization.
Equation ( 
Eliminating the scaling powers a T and a H with the use of Eqs. (20) and (33) we arrive at 
The KouvelFisher approach
Performing loglog plots of the thermodynamic functions near the critical point is the most straightforward method of determining the associated critical exponents.
nother method was proposed by Kouvel and Fisher [27] . 
In the critical region both X(T ) and Y (T ) should be linear with slopes which give the values of the critical exponents and intercepts with the temperature axis that correspond to the critical temperature. The values of critical exponents are rened using an iterative method; using the critical exponents found from Eqs. (41) and ( 
where C is the Curie constant. For example, the susceptibility data for crystalline nickel were successfully tted to Eq. (44) with γ = 1.31 up to T = 3T c . By linearizing Eq. (44) we arrive at the mean-eld limit
with a nontrivial prediction T
MF c
= γT c . Equation (44) can be dierentiated to obtain an equivalent expression [38] or, more pertinent to the case, of the 2D classical XXZ model (γ = 2.17 ± 0.05) [39] . The behaviour in the direction parallel to the b crystallographic axis reveals a crossover at ≈ 38.8 K from a region with an exceptionally high value of the gamma exponent 6.7 ± 1.8 and the ctitious transition temperature at 10.4 ± 1.5 K to the state characterized by a low value of γ ⊥ = 0.67 ± 0.04 and the transition temperature T c⊥ = 30.3 ± 3.4 K. The T c 's for both directions have close values which points to the fact that the transition in the ac plane triggers that in the direction perpendicular to that plane. The unusually high value of γ in the precrossover region suggests the scaling behaviour close to the exponential one, which is well known to be characteristic of 2D isotropic Heisenberg model with no transition occurring at nite temperature.
The size of the critical region may be dened as the range in which χ(T ) is reasonably well described by the simple power law χ ∝ ε −γ . s far as experimental work is concerned an accepted estimate of this regime is obtained using the eective exponent γ * (T ) introduced by Kouvel and Fisher [27] γ
By construction, the quantity γ * approaches the asymptotic critical value γ for T → T c and the mean-eld value of γ = 1 for T T c . The simple power law χ ∝ ε 
Inserting the modied power law given in Eq. (44) into Eq. (48) one obtains γ * * = γ. In the mean-eld limit which is naturally approached in all systems when T → ∞, γ * * (∞) would be some number not necessarily equal to 1 (which would correspond to the mean-eld system), with the mean-eld result χ ∝ (T − T 
Scaling behavior of magnetocaloric eect
The magnetocaloric eect (MCE), i.e. the temperature change of a system when it is magnetized/demagnetized, is an intrinsic property of magnetic materials. Refrigerators based on MCE are expected to have an enhanced eciency and to be more environmentally friendly than those based on gas compression-expansion, hence, MCE attracts increasing attention of researchers. Current trends in materials science related to this eld go through the enhancement of materials performance (mostly associated with giant magnetocaloric eect GMCE [40, 41] ) and cost reduction (by replacing rare earths by transition metal based alloys [42] ).
With a view to gaining further clues of how to improve the performance of refrigerant materials, the eld dependence of this eect is also being studied intensively, both experimentally [43, 44] 
where C p denotes the molar heat capacity of a sample at constant pressure, or from the processing of the temperature and eld dependent magnetization curves M (T, H),
Let us note that the choice of initial and nal values of the magnetic eld assures that the eect is positive in terms of the magnetic entropy change ∆S M , which is implied by Eqs. (49) and (50) . Typically, the ∆S M vs. T curve displays a peak near the transition temperature T c . 
and T r1 and T r2 are the temperatures of the reference points of each curve dened by the equations
where h < 1 is the height of the equivalent states in the ∆S M /∆S peak M curves, which is chosen in such a way that the curves to be overlapped have experimental values above that reference entropy change for temperatures below and above T c . Figure 12a shows the temperature dependence of the magnetic entropy change inferred from the M (T, H) data of 1. In Fig. 12b Eq. (37) on some algebra Eq. (50), dening the magnetic entropy change due to the removal of a magnetic eld H, can be transformed to the following form [47] :
where a M = T 
has the following scaling behavior:
Consequently, the values of n should also collapse onto a universal curve when plotted against the same rescaled temperature axis for which the normalized values of ∆S M collapse onto the same universal curve. Experimental evidence of this collapse of n has been given for soft magnetic amorphous alloys [59, 60] . Equation (55) proves also that the eld dependence of the magnetic entropy
which was rst derived from the ArrottNoakes equation of state [47] , is valid for any magnetic system following a scaling equation of state. Let us note that there is another temperature making the second term in Eq. (55) vanish, i.e. T = T peak , because in that case ∆S M has a peak implying ds(x)/dx = 0. Therefore, the eld dependences of the magnetic entropy change at the critical temperature and at the temperature of the peak of the ∆S M curve are exactly the same. In between those temperatures exponent n reaches its minimum value. In general the temperature T peak at which the magnetic entropy change ∆S M attains a maximum for a given magnetic eld change may not coincide with the transition temperature T c . This is demonstrated in Fig. 13, where the temperature dependence of the magnetic entropy change ∆S M inferred from the heat capacity measurements for 4 is shown. dependence of ∆S M . Hence, for the high temperature limit of the n(T ) curve the value of n = 2 is implied. The low temperature limit can be explained by realizing that well below T c and for moderate applied elds the magnetization exhibits a weak eld dependence. Therefore, the integrand in Eq. (50) will be practically eld independent and consequently ∆S M will be a linear function of eld, or equivalently the value of n will be close to 1. The value of n at the transition temperature T c is found to be equal to 0.64. This fact and the value of the gap exponent ∆ = 1.8(3) imply through Eqs. 
where κ is the corresponding critical exponent related to critical exponents α and β, κ = 1 − α − 2β, α > 0, 1 − 2β, α ≤ 0.
Equivalently, this combined scaling relation can be also expressed by the following formula
where κ = (1 − α)/2β, α > 0, 1/2β, α ≤ 0.
The excess entropy should be calculated from the excess heat capacity data starting from T c and moving towards lower temperatures, i.e.
∆S =
Tc T ∆C p T dT . [24] . Using Eqs. (58) and (60) for α < 0 (see Fig. 5 ) and the value of β = 0.38 (1) found in µSR experiment, one obtains κ = 0.24(2) and κ = 1.32(3), which is consistent with the values determined from the direct scaling analysis.
Conclusions
We 
